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The simplified velocity Servo Systems: 
First order plus time delay (FOPTD) systems: 

𝑃 𝑠 =
𝐾

𝑇𝑇 + 1
𝑒−𝐿𝐿 

IO model, FO controller 

(12) 
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 Phase margin 
 

∠ 𝐺 𝑗𝜔𝑐 = 𝐴𝐴𝐴 𝐶 𝑗𝜔𝑐 𝑃 𝑗𝜔𝑐 = −𝜋 + 𝜙𝑚 
 
 Gain crossover frequency 

 
𝐺 𝑗𝜔𝑐 = 𝐶 𝑗𝜔𝑐 𝑃 𝑗𝜔𝑐 = 0 

 
 Robustness: “flat phase” 

 
𝑑(∠𝐺 𝑗𝜔𝑐 )

𝑑𝑑 �
𝜔=𝜔𝑐

= 0 

The “flat phase” tuning rules 
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Figure: An illustrative view of the “flat phase” concept 

 
Robust to gain variations  

Benefits: 
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• The Iso-damping property  
 
 

• Bode's ideal transfer function 
 

Origin of the “flat phase” concept  

H. W. Bode. Network Analysis and Feedback Amplifier 
Design. New York, Van Nostrand, 1945 
 
YQ. Chen, CH. Hu, and K. L. Moore, “Relay Feedback 
Tuning of Robust PID Controllers With Iso-Damping 
Property”, Systems, Man, and Cybernetics, Part B: 
Cybernetics, IEEE Transactions on, Vol. 35. Issue: 1. 2005. 
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Frequency response of the FO [PI] controller 
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A first order system: 

𝑃 𝑠 =
𝐾

𝑇𝑠𝛼 + 1 

Fractional order velocity system 

(24) 

Figure: ion channel gating 
Source: http://www.quantbiolab.com/research-interests/sensory-systems-

nature-and-laboratory/mechanical-magnetoreception-animals  
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The “flat phase” concept 

Tuning specifications 
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• Integer order PID controller design 
 

• Resulted controller parameters 
 𝐾𝐾 = 5.9319, 𝐾𝑑 = −0.1433, 𝐾𝐾 = −0.5325 

Illustrative example 1 
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-20
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20

40

60

10-2 10-1 100 101 102 103
-150

-100

-50

X: 10.16
Y: -130.2

Figure: closed loop Bode plot with the designed 
integer order PID controller 

Unstable 
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              1 
P =   −−−−−−−−−−−− 
      0.4s^{0.5}+1 
C = kp+ki/s+kd*s = 
-0.14s^{2}-0.53s+5.93 
--------------------- 
          s 
Poles: 
 17.7872           
  -4.0212 + 1.8619i 
  -4.0212 - 1.8619i 
   6.2277           
   5.1551 

Illustrative example 1 

𝐺 =  
−0.056𝑥2.5 + 0.14𝑥2 + 0.212𝑥1.5 + 0.53𝑥 + 2.37𝑥0.5 + 5.93
−0.056𝑥2.5 + 0.02𝑥2 + 0.588𝑥1.5 + 0.47𝑥 + 2.37𝑥0.5 + 5.93 

-15 -10 -5 0 5 10 15 20 25
-5

-4

-3

-2

-1

0

1

2

3

4

5

14 12 10 8 6 4 2

0.999
0.998

0.993

0.986

0.9720.945 0.88 0.65

0.999
0.998

0.993

0.986

0.9720.945 0.88 0.65

Real Axis

Im
ag

in
ar

y 
A

xi
s

Zero Pole Map

20/40 



TOK 2013 Workshop A Tutorial on FOMC 

Part II: Fractional Order Velocity Controls 

• FO characteristic equations 
• Commensurate order VS Non-commensurate order 

Root locus method for FO systems 
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• FO PI controller design 
 

• Resulted controller parameters 
 𝜆 =  1.216,  𝐾𝐾 =  194.4, 𝐾𝐾 = 0.1817 

Illustrative example 2 

Figure: Bode plot with the designed fractional 
order PI controller 
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• A remark for practice  
– Extremely complicated to calculate the analytical solution  
– Numerical search is usually the approach 

 
• Two techniques for numerically solve the 3 tuning equations  

– (a). Find the intersection of the two curves 
 
 
 
 
 

– (b). Align the three frequencies:   
 𝜔𝑐, 𝜔𝑑, and 𝜔Φ 

 
• Dealing with  

– More than one cross over 
– More than one extreme point on phase plot 

Analytical solution VS. graphic solution  
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Figure: ki versus 𝜆 

Figure: Graphically solving using Bode plot  
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• FO [PI] controller design 
 

• Resulted controller parameters 
 𝜆 =  1.229, 𝐾𝐾 =  18.19, 𝐾𝐾 = 0.1521  

Illustrative example 3 

Figure: Bode plot with the designed fractional 
order [PI] controller 
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Figure: Step responses and disturbance 
rejections with loop gain variations 

c, using FO [PI]  b, Using FO PI  
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• Controller form 
 
 

• Open loop system phase 
 
 

• Assume the system gain 

Relay feedback tuning of robust PID controllers 

 
When phase is flat, i.e. 𝑑∠𝐺(𝑗𝜔)

𝑑𝜔
�
𝜔=𝜔𝑐

= 0, the following equation 

holds, 

∠
𝑑𝑑(𝑗𝑗)
𝑑𝜔 �

𝜔=𝜔𝑐

= ∠𝐺(𝑗𝜔) �
𝜔=𝜔𝑐

 

A useful relationship  
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where 

The new relationship  

The new tuning equations 

 
 
 
 
 
 
 
where 

The new tuning formulae 
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An iterative algorithm 
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𝑃 𝑠 =
1

(𝑠 + 1)5
 

A high order plant 

The PID controllers designed by different tuning methods 

Modified Ziegler-Nichols The proposed method 

 

𝐶 𝑠 = 1.131(1 +
1

3.124𝑠 + 0.781𝑠) 

 

𝐶 𝑠 = 0.921(1 +
1

1.961𝑠 + 1.969𝑠) 
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Figure: Frequency responses of the closed-loop system controlled by two 
PID controllers. (Dashed line: The modified Ziegler-Nichols, Solid line: The 

proposed PID controller) 
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𝑃 𝑠 =
1

𝑠(𝑠 + 1)3
 

A third order plant with an integrator 

 

𝐶 𝑠 = 0.33(1 +
1

6.53𝑠 + 1.89𝑠) 

A third order plant with an integrator 
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Figure: Frequency responses of the 
closed-loop system controlled by 
two PID controllers. (Dashed line: 

The modified Ziegler-Nichols, Solid 
line: The proposed PID controller) 

Figure: Comparisons of closed-loop 
frequency responses and step 
responses (Dashed line: The 

modified Ziegler-Nichols, Solid line: 
The proposed PID controller. For 

both schemes, gain variations 1, 1.1, 
1.3 are considered in step responses 
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• Integer order plants 
• The plant gain and phase at the desired tangent frequency 

are identified by several relay feedback tests 
• Iso damping property 

Problem setup 

𝐶 𝑠 = 𝐾𝑝(1 +
𝐾𝑖
𝑠𝜆

) 

 
 
 
 
 
 
 
 

Auto-tuning formulae for FO PI controllers 
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Part II: Fractional Order Velocity Controls Auto-tuning of FO PI controllers with Iso-damping 

 
• Integer order plants 
• The plant gain and phase at the desired tangent frequency 

are identified by several relay feedback tests 
• Iso damping property 

Problem setup 

𝐶 𝑠 = 𝐾𝑝(1 +
𝐾𝑖
𝑠 )𝜆 

 
 
 
 
 
 
 

Auto-tuning formulae for FO [PI] controllers 
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𝑃 𝑠 =
1

(𝑠 + 1)5
 

A high order plant 

The FO PI controllers The FO [PI] controllers 

 

𝐶 𝑠 = 0.5616(1 +
0.1869
𝑠1.3 ) 

 

𝐶 𝑠 = 0.4464(1 +
0.1815

𝑠 )1.86 
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Figure: Bode plot and step 
response with FOPI controller  

Figure: Bode plot and step 
response with FO[PI] controller 
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Plant with an integrator 

𝑃 𝑠 =
1

𝑠(𝑠 + 1)3
 

 
Plant with time delay 

𝑃 𝑠 =
1

(𝑠 + 1)3 𝑒
−𝑠 

More examples are available in the book 
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