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Part V: FO Controls on Nonlinearities 

• PART I FUNDAMENTALS OF FRACTIONAL CONTROLS 
• 1 Introduction 3 

 
• PART II FRACTIONAL ORDER VELOCITY SERVO 
• 2 Fractional Order PI Controller Designs for Velocity Servo Systems 25 
• 3 Tuning Fractional Order PI Controllers for Fractional Order Velocity Systems with Experimental Validation 41 
• 4 Relay Feedback Tuning of Robust PID Controllers 59 
• 5 Auto-Tuning of Fractional Order Controllers with ISO-Damping 73 

 
• PART III FRACTIONAL ORDER POSITION SERVO 
• 6 Fractional Order PD Controller Tuning for Position Systems 91 
• 7 Fractional Order [PD] Controller Synthesis for Position Servo Systems 105 
• 8 Time-Constant Robust Analysis and Design of Fractional Order [PD] Controller 123 
• 9 Experimental Study of Fractional Order PD Controller Synthesis for Fractional Order Position Servo Systems 139 
• 10 Fractional Order [PD] Controller Design and Comparison for Fractional Order Position Servo Systems 155 

 
• PART IV STABILITY AND FEASIBILITY FOR FOPID DESIGN 
• 11 Stability and Design Feasibility of Robust PID Controllers for FOPTD Systems 165 
• 12 Stability and Design Feasibility of Robust FOPI Controllers for FOPTD Systems 187 

 
• PART V FRACTIONAL ORDER DISTURBANCE COMPENSATORS 
• 13 Fractional Order Disturbance Observer 211 
• 14 Fractional Order Adaptive Feed-forward Cancellation 223 
• 15 Fractional Order Robust Control for Cogging Effect 243 
• 16 Fractional Order Periodic Adaptive Learning Compensation 275 

 
• PART VI EFFECTS OF FRACTIONAL ORDER CONTROLS ON NONLINEARITIES 
• 17 Fractional Order PID Control of A DC-Motor with Elastic Shaft 293 
• 18 Fractional Order Ultra Low-Speed Position Servo 313 
• 19 Optimized Fractional Order Conditional Integrator 329 

 
• PART VII FRACTIONAL ORDER CONTROL APPLICATIONS 
• 20 Lateral Directional Fractional Order Control of A Small Fixed-Wing UAV 345 
• 21 Fractional Order PD Controller Synthesis and Implementation for HDD Servo System 369 

Scope of the book 
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A video for Torsion (circular) test 
http://www.youtube.com/watch?v=76dVeHSWDZk   
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Figure: The benchmark position servomechanism model 

The plant model 
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Part V: FO Controls on Nonlinearities The benchmark position system  

Table: The system parameters of the servomechanism 

The plant model 

An SISO system 
The input: V 
The Feedback: 𝜃𝐿 
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Part V: FO Controls on Nonlinearities Interspersing: a realization method for FD 

 
 
 
 
 
 
 
 
 
Better than Oustaloup’s fractional operator approximation method 

A proposed approximate realization method of fractional derivative   
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Part V: FO Controls on Nonlinearities Numerical study: IOPID 

Figure: the best FOPID Controllers. Solid line: ITAE; Broken line: ISE 

 
Using ITAE 

𝐺𝑐1 = 41.94 +
21.13
𝑠

− 8.26𝑠 
Using ISE 

𝐺𝑐𝑐 = 110.09 +
10.65
𝑠

− 30.97𝑠 

The IOPID 
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Part V: FO Controls on Nonlinearities Numerical study: FOPID 

Figure: the best IOPID Controllers. Solid line: ITAE; Broken line: ISE 

 
Using ITAE 

𝐺𝑐𝑐 = 135.12 +
0.01
𝑠0.5 − 31.6𝑠0.6 

Using ISE 

𝐺𝑐4 = 61.57 +
91.95
𝑠0.5 − 2.33𝑠0.6 

The FOPID with pre fixed 𝜆 = 0.5 and 𝜇 = 0.6 
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N = 2, 4, 6, … 

Searching for the best fractional orders 𝜆 and 𝜇 

Figure: Searching for the best fractional orders (N = 4) 

ITAE ISE 
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±50% load variation 

Robustness to load change 

Figure: Step responses comparison with N = 4 (Dotted: Best PID; Solid line: Best FOPID) 
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Part V: FO Controls on Nonlinearities Numerical study: robustness 

 
±50% 𝑘𝜃  load variation 

Robustness to Elasticity parameter change 

Figure: Responses comparison when 𝑘𝜃 increases 50% Dashed line: Best IO 
Controllers; Solid line: Best FO Controllers 
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Part V: FO Controls on Nonlinearities FO Ultra Low-Speed Position Control 

 
Tracking error 
Limit cycle 
Spiky performance 
Etc.  

The impact of friction force 
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Part V: FO Controls on Nonlinearities FO Ultra Low-Speed Position Control 

 
Second order position servo 

𝑃(𝑠) =
1.52

𝑠(0.4𝑠 + 1)
 

Friction was not considered back to ch6 
Now, take it into consideration below 

Recall the plant model and the controller in Chapter 6 

Figure: Position tracking control equivalent diagram with 
constant speed reference and friction 
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Part V: FO Controls on Nonlinearities Experimental study 

 
Ultra-low speed ! 

Notice 

Figure: Speed outputs of position tracking with 
constant speed reference using 

optimized IOPI and designed FOPD 

IOPI: C(s)=2.56(1+1.166/s) FOPD: C(s)=13.86(1+0.368/s) 
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Part V: FO Controls on Nonlinearities Modeling the friction 

Figure: Parameter values in the LuGre model 
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Part V: FO Controls on Nonlinearities Modeling the friction 

 
𝑁 𝑇0,𝐴,𝜔 = [ 𝑁 𝑒𝜙, 𝑣𝑎] 

𝑇0 is the mean torque 

Decoupling the linear and nonlinear part 

 
The ratio of the first harmonic of output to input 
 
 
where 
 
 
 
 

The describing function method 

Figure: Approximation closed-loop system with linear and nonlinear parts 
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Part V: FO Controls on Nonlinearities Modeling the friction 

Figure: Two methods of uncoupling linear and nonlinear parts 
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Part V: FO Controls on Nonlinearities Simulation comparison  

Figure: Position tracking outputs with varying low speed reference using IOPI/FOPD 

Ultra-low speed reference  
 
FOPD: C(s)=2.56(1+1.166/s) 
 
IOPI: C(s)=13.86(1+0.368/s) 

Varying low speed (±0.05rad/s ) position reference for tracking 
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Part V: FO Controls on Nonlinearities FO conditional integrator  

 
CCI: Clegg conditional integrator 
ICI: intelligent conditional integrator 
MICI: modified intelligent conditional integrator 
FOCI: fractional order conditional integrator 
OFOCI: optimized fractional order conditional integrator 

Attempts of improvement 

 
Eliminating the steady state error 
Introducing a 90° phase lag 

The integrator: a double-edged sword 
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Part V: FO Controls on Nonlinearities Conditional integrators 

CCI 

ICI 
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Part V: FO Controls on Nonlinearities CCI 

For input 𝑥 𝑡 𝐴𝐴𝐴𝐴(𝑤𝑤) 
 
 

The input and output of the CCI 

 
 
 
 

The describing function of the CCI 

25/31 



TOK 2013 Workshop A Tutorial on FOMC 

Part V: FO Controls on Nonlinearities FOCI 

1
𝑠𝛼

 

𝐴𝐴𝐴𝐴(𝜔𝜔) −
𝐴
𝜔𝛼 𝑠𝑠𝑠 𝜔𝜔 −

𝜋
2 𝛼  

1
𝜔𝛼 𝑒

−𝜋2𝛼𝛼 

The FO integrator 
 
 
The output of the FOCI 
 
 
 
 
 

The input and output of the FOCI 

k is the “holding” parameter 
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Part V: FO Controls on Nonlinearities CCI Vs. FOCI 

Figure: Input and output signals of CCI Figure: Input and output signals of FOCI 
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Part V: FO Controls on Nonlinearities OFOCI 

 
• Min 𝜕𝐽𝑥𝑥(𝛼,𝑘)

𝜕𝜕
= 0 

𝐽𝑥𝑥 𝛼, 𝑘 = 𝐶𝑥𝑥
𝐶1𝐹

 is the cost function, 𝐶𝑥𝑥 is the x-th order harmonic 
 

• Phase delay 

𝜑1𝐹 = arctan
𝑎1𝐹
𝑏1𝐹

= 𝜑∗ 

Optimality criteria  

Figure: Optimized solutions with 
phase delays −32° according to 

the optimality criteria 
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Part V: FO Controls on Nonlinearities Performance comparison 

Table: Performance comparison with the third-order 
harmonic component ratio minimum specification 
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Part V: FO Controls on Nonlinearities Performance comparison 

Figure: Output comparison of the ICI and the OFOCI3 
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