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Part lll: Fractional Order Position Servo FO PD controller tuning for position systems

The model to be discussed

Second order position servo

P(s) =

s(Ts+ 1)

Gain and phase in frequency domain

LP(jw) = —tan~(wT) —g

PGl = a)\/l + (wT)?
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Part Ill: Fractional Order Position Servo Traditional IO PD Controller

The traditional integer order PD controller

C(s) = K,(1 + Kys)

Integer order PD controller design using “flat phase” concept

Ky,(1+ K;s)
G(s) =P(s)C(s) = S(Ts £ 1)
£G(jw) = arctan(wK,) — arctan(wT)
d4G(jw) 3 K, T
do |, , 1+ Kaw)? 14 (Tw,)?
1
= Kaq = Tw.?

This means: given a w, the phase margin at the flat part is fixed. No
way to adjust !!

TOK 2013 Workshop A Tutorial on FOMC



Part Ill: Fractional Order Position Servo FO PD controllers

The fractional order proportional and derivative controller PD*

C(s) = K,(1+ K;s*)

Gain and phase in frequency domain

. 1—-wm
Sln%+ K jw* (1l-wm

cos d-wm —zﬂ)ﬂ 2

2C(jw) = tan™1

2 [
1 (Kala)ﬁ‘sinl%)2

[
IC(jw)| = Kp\/(l + K wHcos “7)
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Part Ill: Fractional Order Position Servo FO PD controllers

Formulas for determining the parameters of FO PD controller

1 ™ 1 —p)m
— K4 = —ptanfp+ tan™ ' (w.T) — p:,} + 7] cos d=p)m q,u,) (7.1)
1 1 — p)
—— Sin ( ‘}'H)HT.
—B +\/B? — 4A2,2*
K, = \/ : 1 (7.2)
2Aw:"
T
A = - T
_‘ 1+ (w.T)?°
1 — )7 1 — )
B = 2Aw ssinﬂ — pwh ! cos (L= pm
2 2
Gjwe)|
" : (7.2)
— |C(.?*‘Jc}||P(.}'-‘-:L)|
f R
Kp\/(l + Kqwe cos 55 )2 + (Kqwt sin 57)2
wer/1 + (w.T)?
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Part lll: Fractional Order Position Servo The tuning procedure

The procedure to obtain the controller parameters

(1) Given w,, the gain crossover frequency.

(2) Given &,,, the desired phase margin.

(3) Plot the curve 1, K; with respect to i, according to (6.11).

(4) Plot the curve 2, K; with respect to i, according to (6.14).

(5) Obtain the p and K; from the intersection point on the above two curves.
(6) Calculate the K, from (6.15).
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Part Ill: Fractional Order Position Servo

14 T T T T T T T T T
Kp=8
Kp=3
12 Kp-10
Kp=11
Kp-12
1k e
oEk
8
<
a
E
* o8l
o4k
o2
o 1 1 1 1 1 1 1 1 1
o o o2 0.3 0.4 05 0.6 07 08 03

Time [saconds)

Figure: Step responses with the ITAE optimum
proportional controller

TOK 2013 Workshop

Performance comparison

Aplitu s

Time [(sa-conds)

1.4 T T T T T T T T
Kp-E7.80
Kp=78.40
12 Kp-B4.BD
Kp=53_3B8
o Kp=101.8
ik .
DB
0B H
04
0.2 }
o 1 1 1 1 1 1 1 1
1] o 02 0.3 0.4 0.6 0.6 B o3

Figure: Step responses with PD* controller.

A Tutorial on FOMC




Part lll: Fractional Order Position Servo Experiments

The experimental platform

A general purpose fractional horsepower dynamometer

Quanser DAQ
Matlab/Simulink
WinCon : ST
Software : 0 : - . —

Terminal _ g 5t g : T Universal
Board Py s o 8 S AT ; Tromrar Mo dnie Dynameometer
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Part lll: Fractional Order Position Servo Experiments

The model of the platform

Second order position servo

P(S) —
s(0.4s + 1)
] ; :
8 9 T T T T T T T T T
i ———Kp-18531|
—— Kp=2.3578 B —K:.-H.uge J
T ——HKp=2.6531| S — Kp=12.474 1
——— Kp=2.9164 ! ——— Kp=13.860
Er ——Kp=3.1837| Bk —kp-15.248| |
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Figure: Step position responses with the ITAE Figure: Step responses with PD” controller.

optimal proportional controller
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Part lll: Fractional Order Position Servo The implementation

 Some of the methods to implement s#

 The CRONE toolbox - Alain Oustaloup

From fractal robustness to the CRONE control

Alain QOustaloup. Jocelyn Sabatier and Patrick Lannsse
CRONE Team - LAP - Université Bordeaux [ - ENSERB
351, cours de la Libération F-33405 Talence Cedex - FRANCE

email : oustalouptlap.u-bordeans. fr

December 4. 2000

» Impulse response invariant discretization (IRID) — Yangquan Chen

File Exc

® MATLAB

File Exchange Answers Newsgroup Link Exchange Blogs Trendy Cody Contest MathWorks.com

File Exchange

Impulse response invariant
discretization of fractional order
infegrators/ differentiators

Be the first to rate this file

8 Downloads (last 30 days)
File Size: 3.3 KB

by “angQuan Chen File ID: #21242

05 Sep 2008 (Updated 05 Sep 2008)

compute a discrete-time finite dimengional (z) transfer
function to approximate s*r, r iz real numbe
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Part Ill: Fractional Order Position Servo FO [PD] controllers

The model to be discussed

Second order position servo

P(s) =

s(Ts+1)

The fractional order [PD] controller (PD)*

C(s) = Ky(1 + Kygs) *
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Part Ill: Fractional Order Position Servo FO [PD] controllers

Gain and phase in frequency domain

2C(jw) = utan™ Y (wKy)
IC(w)| = Kp[1 + (Kgw)?]

N[

Some basic techniques for dealing with complex numbers

z=x+jy=|z|e/?
2% = (x + jy) = (|z]e/#)%= |z|%e/oe

|z] = Vx? + y?
2] = 2| = (Vx* + y?)*

2z% = pa
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Part Ill: Fractional Order Position Servo FO [PD] controllers

The “flat phase” tuning equations

= 1Galjwe)l = [C3(jwe)l | P(jer)

)

= K}G{l T {Kd"'w"--} )

y-"'I{va?}l + w?

=1
N d(£(Ga(jw))) _ K3 ~ T
de =irh - 1 T+ (K!fFEUC .}2 1 qF {TLU.: }2
— G‘I

L/[GF{_J;@}“{»:@,. = U l'arl_.l (e, Kdl} — tEII‘L_] {Q{-TJ — %

—

= —T + (.t’.lu-

The procedure to obtain the controller parameters

(1) Given w,, the gain crossover frequency.

(2) Given ®,,, the desired phase margin.

(3) Plot the curve 1, K;3 with respect to u, according to (7.13).

(4) Plot the curve 2, K3 with respect to p, according to (7.16).

(5) Obtain the K;3 and j from the intersection point on the above two curves.

(6) Calculate the Kp3 from (7.17).
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Part Ill: Fractional Order Position Servo Implementation of FO [PD]

Implementation of FO [PD]

e The FO operator (1 + ts)* for the FO [PD] controller can be
implemented by modifying the code of the IRID.

A discrete-time finite dimensional z transfer function is computed to

approximate a continuous-time fractional order low-pass filter (s DA

e Implement , 4 € (0,1) first

1
(Ts+1)H

e Thenchangepu € (—1,0)
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Part lll: Fractional Order Position Servo Simulation example 1

 Plant model 10
P(s) =

5045 D) e

Cantrol input

» Design specifications
w, =10rad/s il 570 T R R

> = 70° b _____________ ____________ ____________ _____________ ___________ ]
Flat phase at wc 0 05 1 15 2 25 3 35 =

Time (seconds)

Simulation. Control input signals with two FO con’rrollers| (T=0.4s)
e |OPID parameters
Kp = 23.078,Kd = 0.102,Ki = —4.625 [ | | | |

] — U S S R I W= e
Unstable

1F

et
[

« FOPD
Kp = 16.784,Kd = 0.368,1 = 0.835

b=
@

Pasition (rads)

=2
=

P

=
pa

[ FO [PD] UD {]15 -I| -Il-5 |2 2?5 ;3 3?5 .
Kp = 13.860, Kd — 0.299,/1 = 0.783 Time (seconds)

Simulation. Step responses comparison with two FO conircllers (T = 0.4s)
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Part lll: Fractional Order Position Servo Simulation example 2

:
[—rpseniee
{| ——Kp=107843|1

e Plant model bR

1 T
P() = S00as + 1) ..

Position (rads)

« Design specifications CENCCRNE RS VNS S RN I C
W, = 10 T‘ad/S 7.11 Simulgation. Step responses with IOPID controller (T = 0.04s)

®,, = 70° T T T T e

SRR NAN M — N [[RS ——— — Kp=10.6417 {
: : : : : Kp=12.7701

=]

Flat phase at w, ot
e |OPID parameters
Kp = 10.76, Kd = 0.018,Ki = 1.567 B S I R

Time (zeconds)

7.12 Simulation. Step responses with FOPD coniroller (T = 0.04s)

- FOPD
Kp = 10.64,Kd = 0.005,1 = 0.779

{ ——Kp=10.7603
: Kp=12.5124

]
T

SR

o o
w®
T

Position (rads)
[=]

. FO[PD]
Kp = 10.76,Kd = 0.006,1 = 0.508

2
s

bt
]

ol i i i i i i H
0 05 1 15 2 25 3 35 4
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7.13 Sirmulation. Step responses with FO(PD) controller (T = 0.04s)
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Part lll: Fractional Order Position Servo Simulation example 3

1.4

T T S T O

» Plant with time delay T e
T I 2 U e S S R E— R
P(s) = e~ TS 8 08| ]
s(0.4s + 1) 8 el

g
04 .
02} .
ol i : : ; : ; ;
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° Design Specifications Simulation. Step responses comparison with fime delay of 0.05s (T = 0.04s)
w, =10rad/s
®, = 70°

Flat phase at w,

Position (rads)

» Plant with backlash nonlinearity

i i i i i i i i
0 1 2 3 4 b 6 7 8 9 10
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Simulation. Step responses comparison with fime delay of 0.2s (T = 0.04s;
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Part lll: Fractional Order Position Servo Time-Constant Robust Analysis

Basic idea of time-Constant robustness

Use the gradient of the phase margin to time constant
and the gradient of the gain crossover frequency to time constant
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Part lll: Fractional Order Position Servo Problem setup

The plant to be controlled
Second order position servo with time delay

P(s) = ~Ls

s(Ts+ 1) ¢

The fractional order [PD] controller (PD)%

C(s) = (Kp + Kgs) ©

The open loop transfer function

G(s) = C(s)P(s)
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Part lll: Fractional Order Position Servo Design specifications

dec

s
) —arctan(Tw,) —=—Lw, = ¢ — 1

£C(jw) = aarctan( >

p

Gain crossover frequency specification

[(Kawe)? + K14/

=1
w1+ T2 w2

G(w)| =

Robustness to time-constant variations

How ?
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Part lll: Fractional Order Position Servo The specification on robustness

Quantitatively evaluation of the robustness

|G (jw)l 1/[G(jw)]
_ dw _ dw
|G (jw)| - G(j)]
aT (e, Th) oT (@, To)

Why ?
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Part Ill: Fractional Order Position Servo

|G (jw)l
00 (.. Ty)
Aw _
AT

The specification on robustness

Gain robustnessto w and T

9|G(jw)|

AT =0,
aT

(-, Tn)

Aw +

|G (jw)l

daw

- 9|G(jw)|

aT (. To)

Phase margin robustnessto w and T

0L[G(jw)]
dew (.. Th)
Aw B
AT
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0ZL[G(jw)]
aT

Aw + AT =0,

(. To)

0/[G(jw)]

dew

- 3/[G(jw)]
aT

(e, To)
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Part Ill: Fractional Order Position Servo Computation of the specification

« The derivation for computation of the solution existence range

do (.. Tn)
KE@E"‘-KZJ EQ’KE chgz_l_Kz 2 K2w2+ KE ?Tz
d™c F d d“c P d & p 0
B T 1 q '
(Gt + KO+ oD} (41l (14 Tged)
a|C(fﬁd‘)| [K&w?—k Kﬁ)% Tﬂ'mc
M |w.w (1+ Tﬂsz_g)%
00 | 1) ( ngg-) 1+ [P
I\P l 3
I\._
_II']
T 1) 1+ T}
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Part lll: Fractional Order Position Servo The solution of the existence range

Simplified two equations

o arctan( A) — arctan(Tyw.) + 7/2 — Lo, — ¢ = 0, (8.20)

(ToLw? —1+4a) A —aThw, A+ ThLeo: — 1 =0. (8.21)

Solution for 8.20

Ao — aw- Ty + / Aq
b= 2L Thw, — 1+ )’
Ay awe 1o — +/ A1 |

- 2(Lw:Tow: — 1 + @)

Ay = (amfﬂj}z — Y Lew-Tow, — 1 + a)(Law, Tyw: — 1).

Solution for 8.21
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Part lll: Fractional Order Position Servo The solution of the existence range

Three cases

LTow.? > 1
LT()(I)C 2 == 1

LTow.? < 1
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Part lll: Fractional Order Position Servo A numerical example

3 plants with different time constants

1 _
Pi(s) — ,—0.01s
1(5) 5(0.02415 + 1) |

1 _
Po(s) — ,—0.01s
2(5) 5(0.02655 + 1) |

1
Py(s) = ,~0.01s
&)= s+

The resulting controller and implementation

C(s) = (160.5248 + 4.25395)08332

160.5z° — 486z* 4 547.6z° — 278z% 4 59.83z — 3.732

C(z) = = .
@) 0.05676z° — 0.1163z* + 0.07297z3 — 0.01014z2 — 0.00302z + 0.0004798
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Part lll: Fractional Order Position Servo Comparison and conclusion

T
#1 motor
#2 motor
#3 motor

-
3%
T

<
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T
e
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E
1

o
.
T
1

o
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T
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Timse (seconds)

Figure: Step response comparison of the three
motors models with different time constant

Conclusion

The overshoots on the three motors are all less than 2%.
Therefore, this tuning method guarantees system dynamic performance.
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Part lll: Fractional Order Position Servo FO PD controller for FO position systems

The plant to be controlled

Fractional order model of membrane charging
Also: Fractional order position system

Cell Membrane

Inside of Cell

@ pss Sodium-potassium
© ©© g o @
ﬂ A protein pump in the neuron cell membrane uses the

energy of ATP to pump Na+* out of the cell, and at the
same time to pump K* in.

2 The cell membrane is leakier to K* than it is to Na*.
Because more positive charges leak out of the cell
than leak in, the inside of the cell becomes negatively
charged with respect to the outside.

TOK 2013 Workshop

u(t) Vm(t)

—cr'/c

Switch closes

7 @ att=0 i
me H Rm - Cm
Figure: Membrane-charging circuit
~ d® Vi (t) Vin(t) — L.u()
m e R, ™

Figure: Cell membrane charging
Source:
http://www.millerandlevine.com/chapter/
35/898-899-rewrite.html
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Part Ill: Fractional Order Position Servo Time domain solution

Time domain solution using Mittag-Leffler function

i e
HH ) = IJHURHE_EE&'.& - |-
( ) T +1 ( ]_)

G. M. Mittag-Leffler
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Part Ill: Fractional Order Position Servo The controller

Still using the FO PD controller

Refer to slide 7
C(s) = Kp(1 + K4s*)

Still using the “flat phase” design specification

_, sin “_“’m + Kot
{1 .HJT

Z[G(jo:)] = tan
cos

’ ¥ o DT
1 1+ Tex cos 5

Tw® sin 5F

75 SR 4 |
+ ? — E + tan

2
= —T + ﬁbuh
Ky (14 Kao cos B2)? + (Kgol: sin 42
1G(jw)| = = = = = 1.
V [Tml_”‘ sin %)h + (m + Tel+® cos %)
d(Z(C(jw)| K aTsinFof™
dw —, 14+ (Kgwe)? 14 T2w2 4+ 2T w® cos = -
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Part lll: Fractional Order Position Servo The design procedure

The design procedure

(1) Given w,, the gain crossover frequency.

(2) Given ¢,,, the desired phase margin.

(3) Plot the curve 1, K; with respect to u, according to (9.11).

(4) Plot the curve 2, K; with respect to u, according to (9.14).

(5) Obtain the p and K; from the intersection point on the above two curves.
(6) Calculate K, from (9.12).
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Part Ill: Fractional Order Position Servo FO [PD] controller for FO position systems

The plant to be controlled

FO position system

P(s) = s(Ts*+ 1)

Gain and phase of the plant

T w® sin (%) T
£[P(jw)] = — arctan TN
1+ Tw® cos (T) 2

1

[P(w)| =

\/[T(UH“ sin (%)]2+[w + Tw!*® cos (%)]2
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Part Ill: Fractional Order Position Servo FO [PD] controller for FO position systems

Still using the FO [PD] controller (PD)“

C(s) = (Kp + Kgs) ©

Still using the “flat phase” design specification

Tew” sin - T
' _ | Y fan L c 2 o
L[Ga(joc)] = ptan™ (w:Ky3) — tan (1 T Tar CDS%) 5
= - + ﬁf’m-.
|(—_;3(J|rﬂ-}f.}| — |{:3{.’jﬂ-}f~}||P{’jfﬂf}|
_ Kpa( + (Kgzwc)H)2
— N
= ]
d(£(G3(jw))) B 1Kz aTew? ! sin %5
do o 1+ Ksoe?  (Tegsin®)’ + (1 + Twf cos <L)

:U, |
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Part lll: Fractional Order Position Servo The design procedure

The design procedure

(1) Given parameters of the fractional order system to be controlled « and T.
(2) Given w;, the gain crossover frequency.

(3) Given ¢,,, the desired phase margin.

(4) Plot the curve 1, K3 with respect to p, according to (10.10).

(5) Plot the curve 2, K;3 with respect to p, according to (10.14).

(6) Obtain K43 and p from the intersection point on the above two curves.
(7) Calculate the K3 from (10.11).
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Part lll: Fractional Order Position Servo Simulation example

e Plant model

1
PO)=S0as2+ D)

» Design specifications
w, =10rad/s

d,, = 70°

Flat phase at w,

e |OPID parameters
Kp = 18.29,Kd = —0.0846,Ki = 42.45
Unstable

. FOPD
Kp = 10.916,Kd = 0.61,1 = 1.189

. FO[PD]
Kp = 6.31,Kd = 0.9435,1 = 1.2
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Magnitude (dB)

Phase (deqg)

Bode Diagram
100 . . S . -
50 =
0L
—50
-100
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Figure: Bode plot with FO[PD] controller
14 T T T T T T T T I
10l —FO-PD

Position (rads)

) SN SN T NN S NS S NN
0 1 2 3 - 5 6 7 8 9
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10

Figure: Step responses comparison with two FO controllers
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Part lll: Fractional Order Position Servo Session summary and review

Summary and review

« FOPD N
. FO[PD] } For 10 position system
« FO [PD] Robust to time constant for IO position system

with time delay

« FOPD o
e FO [PD] For FO position system
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Part Ill: Fractional Order Position Servo The end of session Ill

This is the end of session IlI

Questions?
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