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Figure: The conventional disturbance observer block-diagram. 

 
𝑛𝑑: the number of pure time delays of the control signal 
𝑛𝑄: the relative degree of Q-filter  
𝜔𝑄: the cutoff frequency of Q-filter 

Design parameters 
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The error transfer function  

Without DOB With DOB 

 
 
 

𝑆 𝑗𝜔 =
1

1 + 𝑃𝑃 

 
 
 

 

𝑆 𝑗𝜔 =
1

1 + 𝑃𝑃 + 𝛿𝑃𝑃
 

 

𝛿𝑃𝑃 =
𝑃𝑃𝑛

−1𝑄 + 𝑧−𝑛𝑑𝑄𝑄𝑄
1 − 𝑧−𝑛𝑑𝑄  
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𝑛𝑄  ↑ ⇒ phase margin ↓ 
𝜔𝑄 ↑ ⇒  phase margin ↓ 
A compromise must be made between the disturbance attenuation 
performance and the robustness of the original system. 

Effects of the design parameters 

Figure: An illustration 
of the phase margin 
(PM) as a function of 
𝑛𝑄 and  ω𝑄 in DOB 
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Rule-based switched low pass filtering with varying relative degree  
Tuning parameter: 𝑛𝑄  

A trade-off solution: 
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Figure: Q-filter in DOB with a varying relative degree 

Figure: A switching policy for 
the relative degrees of the Q-
filter in DOB. 
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Fractional order DOB using a fractional order Q filter 

𝑄 𝑠 =
1

(𝜏𝜏 + 1)𝑛𝑄
, {𝑛𝑄|𝑛𝑄 ∈ 𝑄, 𝑛𝑄 > 0} 

The proposed trade-off solution: 

 
Stable minimum-phase frequency domain fitting 

The implementation 
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• Periodic disturbance  
– Telecommunication 
– Building vibration  

 
• Periodic disturbance in motion control  

– Repeatable spindle motor runout  
– Cogging force  

Periodic disturbance  

Atmosphere wave 
http://en.wikipedia.org/wiki/Atmospheric_wave 

Tacoma narrow bridge, WA, 1941 

Cogging effect 

12/44 

http://en.wikipedia.org/wiki/Atmospheric_wave


TOK 2013 Workshop A Tutorial on FOMC 

Part V: FO Disturbance Compensations FO adaptive feed-forward cancellation  

Figure: Fractional order adaptive feed-forward cancellation 

The disturbance  

The control input  
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The plant output  

The nominal values  

Using  Caputo definition for fractional derivative  
 
 

The adaptive law  
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The derivation of the adaptive law  

Using the time shifting property 
 
 
 

The Laplace transform  
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The FO adaptive compensator  

 

𝐶𝐼𝐼𝐼 𝑠 =
(𝑠 − 𝑗𝜔1)𝛼+(𝑠 + 𝑗𝜔1)𝛼

2(𝑠2 + 𝜔2)𝛼  

The FO internal model principle  
Same ! 
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Figure: Fractional order internal model principle 
equivalence of the fractional order adaptive feed-

forward cancellation, with C(s)=g 
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The plant and the disturbance  

Figure: Plant output without compensation 
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Part V: FO Disturbance Compensations Example 

Figure: Plant output with fixed nominal 
compensation 

Figure: Plant output with IOAFC 
compensation and 𝛼 = 1.5 FOAFC 
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The sensitivity function  

Figure: Bode plots of the sensitivity function with ω1 = 0.1 and α ∈ (0, 1] 
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Part V: FO Disturbance Compensations Frequency analysis of FO AFC 

Figure: Bode plots of the sensitivity function with ω1 = 0.1 and α ∈ (1, 2] 

 
α ∈ (0, 1], FOAFC is better than IOAFC 
α ∈ (1, 2), IOAFC is better than FOAFC 

Comparison  

21/44 



TOK 2013 Workshop A Tutorial on FOMC 

Part V: FO Disturbance Compensations 

• PART I FUNDAMENTALS OF FRACTIONAL CONTROLS 
• 1 Introduction 3 

 
• PART II FRACTIONAL ORDER VELOCITY SERVO 
• 2 Fractional Order PI Controller Designs for Velocity Servo Systems 25 
• 3 Tuning Fractional Order PI Controllers for Fractional Order Velocity Systems with Experimental Validation 41 
• 4 Relay Feedback Tuning of Robust PID Controllers 59 
• 5 Auto-Tuning of Fractional Order Controllers with ISO-Damping 73 

 
• PART III FRACTIONAL ORDER POSITION SERVO 
• 6 Fractional Order PD Controller Tuning for Position Systems 91 
• 7 Fractional Order [PD] Controller Synthesis for Position Servo Systems 105 
• 8 Time-Constant Robust Analysis and Design of Fractional Order [PD] Controller 123 
• 9 Experimental Study of Fractional Order PD Controller Synthesis for Fractional Order Position Servo Systems 139 
• 10 Fractional Order [PD] Controller Design and Comparison for Fractional Order Position Servo Systems 155 

 
• PART IV STABILITY AND FEASIBILITY FOR FOPID DESIGN 
• 11 Stability and Design Feasibility of Robust PID Controllers for FOPTD Systems 165 
• 12 Stability and Design Feasibility of Robust FOPI Controllers for FOPTD Systems 187 

 
• PART V FRACTIONAL ORDER DISTURBANCE COMPENSATORS 
• 13 Fractional Order Disturbance Observer 211 
• 14 Fractional Order Adaptive Feed-forward Cancellation 223 
• 15 Fractional Order Robust Control for Cogging Effect 243 
• 16 Fractional Order Periodic Adaptive Learning Compensation 275 

 
• PART VI EFFECTS OF FRACTIONAL ORDER CONTROLS ON NONLINEARITIES 
• 17 Fractional Order PID Control of A DC-Motor with Elastic Shaft 293 
• 18 Fractional Order Ultra Low-Speed Position Servo 313 
• 19 Optimized Fractional Order Conditional Integrator 329 

 
• PART VII FRACTIONAL ORDER CONTROL APPLICATIONS 
• 20 Lateral Directional Fractional Order Control of A Small Fixed-Wing UAV 345 
• 21 Fractional Order PD Controller Synthesis and Implementation for HDD Servo System 369 

Scope of the book 

22/44 



TOK 2013 Workshop A Tutorial on FOMC 

Part V: FO Disturbance Compensations The cogging effect on PMSM 

 
• Trouble maker of PMSM (permanent magnetic synchronous motor) 
• Especially at low speed  
• Generated by the magnetic attraction between the rotor and the 

stator 
• Appear at 𝑁𝑠𝑠𝑠𝑠−𝑝𝑝𝑓𝑠 

The cogging effect 

 
• Multi-harmonic Fourier expansion 

𝐹𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = � 𝐴𝑖

∞

𝑖=1

𝑠𝑠𝑠(𝜔𝑖𝑥 + 𝜑𝑖) 

• State dependent  

Modeling the cogging force  
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𝜃: angular position, 𝑣: velocity; 𝑎(𝜃) unknown position-dependent 
cogging disturbance; 𝐽: moment of inertia; 𝑇𝑚: electromagnetic torque; 
𝑇𝑙: load torque; 𝐵: viscous friction coefficient 

The plant model  

 
𝑒𝜃 𝑡 = 𝜃𝑑 𝑡 − 𝜃 𝑡  

𝑒𝑣 𝑡 = 𝑒̇𝜃 𝑡 = 𝑣𝑑 𝑡 − 𝑣(𝑡) 

The displacement 
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where 

The adaptive compensator (AC)  

 
 
 

𝑎� 𝑡 = 𝑧 − 𝜇𝜇 
 
 

� 𝑣 = 1, 𝐼𝐼𝐼𝐼
𝑣 ∈ 0, 1 , 𝐹𝐹𝐹𝐹 

 
 

The adaptive law for 𝑎� 𝑡   
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If the integer order adaptive compensation is used, the equilibrium 
points eθ and  ev are bounded as t → ∞. 

IOAC stability theorem  

 
If the parameters 𝛼, 𝛾, 𝑎𝑎𝑎 𝜇, are chosen to ensure  

arg (𝜔𝑖) > 𝜆
𝜋
2 

the equilibrium points eθ and  ev are bounded as t → ∞, 
Where 𝜔𝑖 are the roots of  
 
 
The proof is available in the book 

FOAC stability theorem  
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𝐹𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 2 cos 6𝜃 + cos 12𝜃 + 0.5cos (18𝜃) 

The applied cogging force 

Figure: the block diagram of PMSM servo simulation system with the 
IO/FOAC for cogging effect compensation 
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Table: PMSM Specifications 
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The varying reference speed  

Figure: varying reference 
speed tracking errors 
without compensation 
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IO AC position error 
IO AC velocity error 
IO AC control signal 

32/44 



TOK 2013 Workshop A Tutorial on FOMC 

Part V: FO Disturbance Compensations Case III: IO/FO AC with varying reference speed 

FO AC position error 
FO AC velocity error 
FO AC control signal 
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The applied 
cogging-like 
disturbance 

Constant reference speed tracking 
errors without compensation 
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Part V: FO Disturbance Compensations Experimental validation  

IOAC position tracking error FOAC position tracking error 

IOAC velocity tracking error FOAC velocity tracking error 
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Cogging force 
Friction force 
Etc. 

The state dependent periodic disturbance (SDPD) 

 

𝐹𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = � 𝐴𝑖

∞

𝑖=1

𝑠𝑠𝑠(𝜔𝑖𝑥 + 𝜑𝑖) 

The general form of SDPD 
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𝜃: angular position, 𝑣: velocity; 𝑎(𝜃) unknown position-dependent 
cogging disturbance; 𝐽: moment of inertia; 𝑇𝑚: electromagnetic torque; 
𝑇𝑙: load torque; 𝐵: viscous friction coefficient 

The plant model  
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𝑎� 𝑡 = �
𝑧 − 𝜇𝜇, 𝑖𝑖 𝑠 < 𝑠𝑝

𝑎�1 𝑡 +
𝐾
𝐽 𝑚1 𝑡 , 𝑖𝑖 𝑠 ≥ 𝑠𝑝

 

 
 

� 𝑣 = 1, 𝐼𝐼 𝐴𝐴 + 𝑃𝑃𝑃𝑃
𝑣 ∈ 0, 1 , 𝐹𝐹 𝐴𝐴 + 𝑃𝑃𝑃𝑃 

 
 

The adaptive law in and after the first trajectory period 

 
 
 
where 

The adaptive controller 

FO AC 
 

FO PALC 
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Figure: Block diagram of the cogging PALC in the 
PMSM position servo system model 

40/44 



TOK 2013 Workshop A Tutorial on FOMC 

Part V: FO Disturbance Compensations Case study 

Figure: PMSM Specifications 

Figure: Tracking errors without any compensation 
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FO AC+PALC (above)  
IO AC+PALC (below) 
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• FO DOB 
– No DOB 
– IO DOB 
– FO DOB 

• FO AFC 
• FO AC 

– No compensation 
– IO AC 
– FO AC 
– No compensation 
– IO AC 
– FO AC 

 
• FO AC+PALC 

– No compensation 
– FO AC+PALC 
– IO AC+PALC 

Session summary  

For constant ref speed 

For Varying ref speed 
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