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Part Il: Fractional Order Velocity Controls FO Controller Designs for 10 Velocity Systems

IO model, FO controller

The simplified velocity Servo Systems:
First order plus time delay (FOPTD) systems:

P(s) = —Ls (12)

Ts+1°

Three controllers

@ Integer order PID
Ci(s) :Kp+§ + Kas, (13)
@ Fractional order Pl
Cals) = Kn(1 + 1), (14)
@ Fractional order [PI]
Cx(s) = (Kp + ), (15)
where, A € (0,2) and v € (0,2).
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Part II: Fractional Order Velocity Controls The “flat phase” concept

The “flat phase” tuning rules

» Phase margin
2|G(w)] = Arg[C(jw)P(jw)] = =1 + ¢y
» Gain crossover frequency
1G(w)l = IC(w)P(jw)| =0

» Robustness: “flat phase”

d(£G(we))
dw
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Part II: Fractional Order Velocity Controls The “flat phase” concept

Robust to gain variations

Bods: Dlagram
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Figure: An illustrative view of the “flat phase” concept
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Part II: Fractional Order Velocity Controls A video illustration

Tuning PID
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Part Il: Fractional Order Velocity Controls Origin of the “flat phase” concept

e The Iso-damping property H. W. Bode. Network Analysis and Feedback Amplifier
Design. New York, Van Nostrand, 1945
Z0) . J
S=_:|‘-|'.,|..-'|: —
dSI _ _ YQ. Chen, CH. Hu, and K. L. Moore, “Relay Feedback
*  Bode's ideal transfer function Tuning of Robust PID Controllers With Iso-Damping
s \“ Property”, Systems, Man, and Cybernetics, Part B:
L(s) = o Cybernetics, IEEE Transactions on, Vol. 35. Issue: 1. 2005.
-100 | %
;
0 -2 I-- ,I,E I.1 ——= ~" _Ea -zfs -; —1!5 —;é -05 ] 05 1
(a) Basic idea: a flat phase curve at gain crossover frequency (b) Sensitvity circle tangentially touches Nyquist curve at the flat phase
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Part II: Fractional Order Velocity Controls IO model, FO PI controller

Frequency response of the FO PI controller

jTrEe A o
Cojw) = Ko(1+Ki(jw)™) (16)
= Ko(1+Kw™ ccs[)s%} — jKiw ™ sin[l%}) (17)

alf
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Part II: Fractional Order Velocity Controls IO model, FO PI controller

Ga(jw)| = |Ca(jw)||P(w)]
Ko/ + Kiw > cos(Arr/2)]2 + Kiw > sin(\/2)2

B VIt (wT)? - L
(Phase . |
ZG2(jw)] = Z[Ca(jw)] + Z[P(jw)]
= —tan[; f"zwj";g);(";ﬂz]]_tan”{wT)_Lw,
(19)

|

Flat phase

d(£(Ga(jw))) - Kida2 " sin(Ar/2)
dw ose = w + 2Kjwp cos(Am/2) + K?

_E;=0. (20)
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Part II: Fractional Order Velocity Controls People who are using this

2013 American Control Conference (ACC)
‘Washington, DC, USA, June 17-19, 2013

2) Robustness against gain variations:

Design of a Fractional — Order Controller for the d(arg [C(s)G(s)]) |

. . =10, (22
Setpoint Ramp Tracking Problem diw w=1tieg )|

A. Morell, LI Trujillo". M. Rivero® and L. Acosta’ (IEEE Member)

In order to design a fractional-order PD" controller, three specifications are proposed from the
basic definition of gain crossover frequency and phase margin [22]:
1. Phase margin specification:

Fractional-order control of a Steward platform arg[H(jaeg)] = 1 + g 28)

. . - - Robustness to variation in the gain of the plant. which is the derivative of the phase if the
by means of numerical and genetic algorithm o 3 o | A

- = open-loop system with respect to the frequency is forced to be zero at the gain crossover
Optj_n’liz ation_ frequency so that the closed-loop system is robust to gain variations, and therefore the

overshoots of the response are almost invariant.

darg(H(jwcg)))

— 2
— 0. (29)
W=weg
Contents lists available at SciVerse ScienceDirect
Mechatronics
journal homepage: www.elsevier.com/locate/mechatronics ‘

Identification and tuning fractional order proportional integral controllers \ @f@@gﬁ

for time delayed systems with a fractional pole (3 %©
1 Hadi Malek?, Ying Luo, YangQuan Chen &\S@

(@

Hlectrical & Computer Eng. Dept, Utah State Unive

ogan, UT 84321,
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People who are using this

Part Il: Fractional Order Velocity Controls

2013 European Control Conference (ECC)
July 17-19, 2013, Ziirich, Switzerland.

Fractional Order PID Controller (FOPID)-Toolbox

Nabil Lachhab!, Ferdinand Svaricek!, Frank Wobbe? and Heiko Rabba?

Eode Diagram
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Fig. 11. Open-loop bode plot P1®D#A
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Part II: Fractional Order Velocity Controls IO model, FO [PI] controller

Frequency response of the FO [PI] controller

Ci(jw) = (Kp+(2))

_ [sz—l—ﬁ ]AHEE—I«’* arctan(K; / (Kpw)) (21)
W

Phase and gain

£Gaw)] = <ZGiw)]+ £[P(w)]

Ki —1 \ \
pr] —tan (Tw) — Lw, (22)

Gs(jw)l = [Ca(juw)]|P(w))
K2 + (K /)T

1+ (Twp

= —Atan_1[
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Part Il: Fractional Order Velocity Controls Scope of the book
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Part II: Fractional Order Velocity Controls FO model, FO controller

Fractional order velocity system

A first order system:

P(s) = (24)

Ts*+1

Fractional diffusion modeling of ion channel gating

Igor Goychuk® and Peter Hanggi
Institute of Physics, University of Augsburg, Universititsstr. 1, D-86135 Augsburg, Germany
(Dated: February 2, 2008)

ion
cell

(b)

Figure: ion channel gating
Source: http://www.quantbiolab.com/research-interests/sensory-systems-
nature-and-laboratory/mechanical-magnetoreception-animals
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Part II: Fractional Order Velocity Controls FO model, FO PI controller

Tuning specifications

The “flat phase” concept

Analytic solution
For FOPI,

K = ASnCE)+2c0s(F)splwe)) + VB o
2we " Sp(we)
K, — cos(dm) (32)

p(jwe)| \/ 1+ 2Kiw; > cos(Am/2) + (Kiws )2

where
2 .. 39 AT . . 2 AT y)
A = Asin (7}+2)\sm{/‘m]sp(wc}—4sm {7)5;;[%}. (33)
The approximation of sp(w;) for unknown stable plant can be given as:

Sp(ws) = LP(juws) + %['n |Kg| = In|P(jwe)ll;

TOK 2013 Workshop A Tutorial on FOMC



Part II: Fractional Order Velocity Controls FO model, FO [PI] controller

Analytic solution

For FO[PI], the frequency response are

/[Cojw)] = —)\arctan[%)._ (34)

| KZ .,
Caljw)l = Koly/1+ 50" (35)

The solution is K; = w tan(yp), where, p = (7 4+ £P(jwe) — &m) /.
‘, cos(6m)

= . (36)
|P(jwe)|(y/ 1+ K Jwg)>

where sp(we) can be approximated in the same way as for FOPI.
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Part II: Fractional Order Velocity Controls Illustrative example 1

» Integer order PID controller design
(1) Given K=1. T=0.4 s, w,. =10 rad/s. ¢,,, =50°. and o =0.5.
» Resulted controller parameters
Ki =5.9319, Kd = —0.1433, Kp = —0.5325
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Figure: closed loop Bode plot with the designed
integer order PID controller
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Part II: Fractional Order Velocity Controls Illustrative example 1

Zero Pole Map

0.45"{0.5}+1 ofse] 08 jogs/ O

C = kp+ki/s+kd*s = |
-0.145™M2}-0.535+5.93

XX X —

w
Imaginary Axis

Poles:
17.7872

-4.0212 + 1.86109i AN
-4.0212 - 1.8619i A0S 046 Togs\ | O\ |

-15 -10 -5 0 5 10 15 20 25
51551 Real Axis

—0.056x2° + 0.14x2% + 0.212x%5 + 0.53x + 2.37x°° + 5.93

= Z0.056x25 + 0.02x2 + 0.588x15 + 0.47x + 2.37x%5 + 5.93 m
ch a syste
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Part II: Fractional Order Velocity Controls Root locus method for FO systems

» FO characteristic equations
« Commensurate order VS Non-commensurate order

Commun Nonlinear Sci Numer Simulat 16 (2011) 3855-3862

Contents lists available at ScienceDirect

Commun Nonlinear Sci Numer Simulat

journal homepage: www.elsevier.com/locate/cnsns

Short communication
Root locus of fractional linear systems
J.A. Tenreiro Machado

Institute of Engineering of Porto, Dept of Electrical Engineering, Fua Or. Antdnio Bernardine de Almeida, 431, 4200-072 Porto, Portugal

Research Article

Extending the Root-Locus Method to
Fractional-Order Systems

Farshad Merrikh-Bayat! and Mahdi Afshar?

I Department of Electrical Engineering, Zanjan University, Zanjan, Iran
? Department of Mathematics, Zanjan Azad University, Zanjan, Iran
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Part II: Fractional Order Velocity Controls Illustrative example 2

 FO PI controller design
(1) Given K=1. T=0.4 s, w,. =10 rad/s. ¢,,, =50°. and o =0.5.
» Resulted controller parameters
A= 1216, Ki = 194.4, Kp = 0.1817

Loop transfer function with FOPI*

T T rrrrm F=1 T T 1 rTrem oL inkel el i b AL
[T ' [N EELT 1 R BT

order Pl controller
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Part II: Fractional Order Velocity Controls Analytical solution VS. graphic solution

« Aremark for practice 30

— Extremely complicated to calculate the analytical solution - AN

— Numerical search is usually the approach 90b N b ]

15 PR, ....................|................i:ub.-.é.ﬁé.‘.l.......E,...................L.................._

Y:-11.06 |

Ki

« Two techniques for numerically solve the 3 tuning equations
— (@). Find the intersection of the two curves

5_.._
K —B 4+ /B2 — 442,70 .
i = T - 06 07 08 09 1 11 12
2 Aw; A
K~ tan[arctan(w:T) + ¢m + L] Figure: ki versus 4
' M |
_ (b). Allgn the three frequenCIGS 60 Loop transfer function with IOPID
We, Wy, and (OVF:) 40
\\
20 B =
N LT
e Dealing with e N r— "
— More than one Cross Over 0 Phase margin: 50.0, Wec: 10.0, Wd: 11.0
— More than one extreme point on phase plot S Al
-100 e EEn
-120 - - P
-140 " LT
10° 10" 10° 10' 10° 10°

Figure: Graphically solving using Bode plot
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Part II: Fractional Order Velocity Controls Illustrative example 3

o FO [PI] controller design
(1) Given K=1. T=0.4 s, w,. =10 rad/s. ¢,,, =50°. and o =0.5.
» Resulted controller parameters
A= 1.229, Ki = 18.19, Kp = 0.1521

Box Dlagam

TR AT I
| FROENY, s

Figure: Bode plot with the designed fractional
order [PI] controller
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Part II: Fractional Order Velocity Controls Performance comparison
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Figure: Step responses and disturbance
rejections with loop gain variations
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Part Il: Fractional Order Velocity Controls Scope of the book
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Part Il: Fractional Order Velocity Controls Relay feedback tuning of robust PID controllers

e Controller form . yy
- e Process >
O(s) = Ko(1+ 1 T 4lm
(8) = Kp(L+ 7 + Tas)-

e  Open loop system phase

£G(8)|s=jw, = Pm — 7.

e Assume the system gain

iy
/__,,a*-;:”"
o

G(jwe)| = cos(Py, ).

Figure 1. Input-biased relay feedback system.

A useful relationship

When phase is flat, i.e. dLG—(jw)| = 0, the following equation
dw W=W,
holds,
dG(jw)
L— = 2G(j
dw (]w) |w=wc
W=W¢
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Part II: Fractional Order Velocity Controls The new tuning equations

The new relationship

—Tjwo + 2s,(wo) + VA
QSp(LdD}ngi '

Ty =

where A = Tfu.:% — 8sp(wo)Tiwo — ile;ugsi(ij.

The new tuning formulae

- C“DS((Dm)
Ilp = : 2 _ - .
|P(jwe)y/1+ tan? (@, — ZLP(jw.))
—2
I =

We[sp(we) + ‘i’) T tang(i)]sp(wc)] ?

Where (i) — (Dm - L-P(J'-‘-‘c}
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Part II: Fractional Order Velocity Controls The tuning algorithm

An iterative algorithm

(1) Start with the desired tangent frequency w,.

(2) Select two different values (¢_; and 6p) for the time delay parameter properly and
do the relay feedback test twice. Then, two points on the Nyquist curve of the
plant can be obtained. The frequencies of these points can be represented as w_;
and @y which correspond to #_1 and #p, respectively. The iteration begins with
these initial values (6_1, @_1) and (&, wp).

(3) With the values obtained in the previous iterations, the artificial time delay pa-
rameter ¢ can be updated using a simple interpolation/extrapolation scheme as
follows:

Wy — Wy
'5‘;.! = [f'}n—l - '9”—2} + f'}n—l
Wy—1 — Wy_2

where n represents the current iteration number. With the new 6,, after the relay
test, the corresponding frequency w, can be recorded.

(4) Compare w, with w.. If |, — w;| < §, quit iteration. Otherwise, go to Step 3. Here,
3 is a small positive number.
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Part II: Fractional Order Velocity Controls lllustration example: |

A high order plant

PO =Gre

The PID controllers designed by different tuning methods

Modified Ziegler-Nichols The proposed method

C(s) = 1.131(1 +

+0.781s)  C(s) = 0.921(1 +

+ 1.9695)

3.124s 1.961s
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lllustration example: |

Part Il: Fractional Order Velocity Controls

Bode Diagram Myquist Diagram
TT T T T T T TIT1T 1 T T T T T —— T "-._H.!‘
S
-
| <
: o=
d @
i1 £
| & /
1 E
. /
! |
. 2+ I|l _
| -2s} [ :
i i | :
—380 R Lol N e , , , é , & : ,
1072 1071 10° 10! 10° —33 -2.5 -2 -1.5 -1 -0.5 1 0.5 1
Frequency (rad/sec) Real Axis
(b) Comparison of Nyquist plots

(a) Comparison of Bode plots
Figure: Frequency responses of the closed-loop system controlled by two

PID controllers. (Dashed line: The modified Ziegler-Nichols, Solid line: The
proposed PID controller)
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Part II: Fractional Order Velocity Controls Illustration example: Il

A third order plant with an integrator

A third order plant with an integrator

1
C(s) = 0.33(1 + ===+ 1.895)
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Part Il: Fractional Order Velocity Controls

Illustration example: Il

Magnitede {dB)

Phase (deg)

Figure: Comparisons of closed-loop
frequency responses and step
responses (Dashed line: The
modified Ziegler-Nichols, Solid line:
The proposed PID controller. For
both schemes, gain variations 1, 1.1,
1.3 are considered in step responses

EO

Figure: Frequency responses of the
closed-loop system controlled by
two PID controllers. (Dashed line:

The modified Ziegler-Nichols, Solid
line: The proposed PID controller)
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(a) Comparison of Bode plots
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(b) Comparison of Nyquist plots
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Part Il: Fractional Order Velocity Controls Auto-tuning of FO PI controllers with Iso-damping

Problem setup

e Integer order plants

 The plant gain and phase at the desired tangent frequency
are identified by several relay feedback tests

e Iso damping property

Auto-tuning formulae for FO Pl controllers

K;
C(s) = Kp(l + S_)l)

¥ COE[@T?I}
- K, = : |
|p(jwe) ‘u“'l + 2K w? cos(Am/2) + [f{iw;ﬁ}z
K. = — tan(o) - |
" wM(sin(Am/2) + cos(Am/2) tan(¢))’ O =y — T — LP(jw,).
| g () deosd)e ) + VB

2we " 8p(we)

TOK 2013 Workshop A Tutorial on FOMC



Part Il: Fractional Order Velocity Controls Auto-tuning of FO PI controllers with Iso-damping

Problem setup

e Integer order plants

 The plant gain and phase at the desired tangent frequency
are identified by several relay feedback tests

e Iso damping property

Auto-tuning formulae for FO [Pl]| controllers

K;
C(s) = K,(1+ ?)ﬂ

- K, = Ccﬁfﬁjm]‘
P = 1PGwd) (VI K2 jwR)
4 K; = w.tan(yp), ¢ = ¢y — T — LP(jw,).
i :
—Aw,. tw -)\2_452&#‘ }
= [ c II.l -
- 'ﬁ‘l e \r F

255 (We)
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Part II: Fractional Order Velocity Controls lllustration example: |

A high order plant

P(s) =

S (s+1)S
The controllers The controllers
0.1869 0.1815
C(s) =0.5616(1 + 13 ) C(s) = 0.4464(1 + )186
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Part Il: Fractional Order Velocity Controls

lllustration example: |

Magnitude (dB)

Phase (deg)

-180

Bode Diagram

1 UD

Frequency (rad/sec)

-—-- Kp

Kp=10%

Kp—10%

Figure: Bode plot and step
response with FOPI controller

50 100 150
Time (seconds)

200

TOK 2013 Workshop

250

Magnitude (dB)

Phase (deg)

Amplitude

Bode Diagram

180

270 beeeei

-450
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Figure: Bode plot and step
response with FO[PI] controller
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Part Il: Fractional Order Velocity Controls lllustration example: more

More examples are available in the book

Plant with an integrator

Plant with time delay
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Part Il: Fractional Order Velocity Controls The end of session Il

This is the end of session ||

Questions?
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